Abstract: An analysis has been carried out to study the effect of nonlinear thermal radiation on slip flow and heat transfer of fluid particle suspension with nanoparticles over a nonlinear stretching sheet immersed in a porous medium. Water is considered as a base fluid with dust particles along with suspended Aluminum Oxide (Al 2 O 3 ) nanoparticles. Using appropriate similarity transformations, the coupled nonlinear partial differential equations are reduced into a set of coupled nonlinear ordinary differential equations. The reduced equations are then solved numerically using Runge-Kutta-Fehlberg45 order method with the help of shooting technique to investigate the impact of various pertinent parameters for the velocity and temperature fields. The obtained results are presented in tabular form as well as graphically and discussed in detail. Effect of different parameters on skin friction coefficient and Nusselt number are also discussed.
Introduction
Heat, mass and momentum transfer in the laminar boundary layer flow over a stretching sheet is relevant to several industrial and engineering processes in the field of metallurgy and chemical engineering processes. These applica-tions involve the cooling of continuous strips or filaments by drawing them through a quiescent fluid. The steady two dimensional boundary layer flow of Newtonian fluid over a stretching surface has been studied by Crane [1] . Chen [2] presented the laminar mixed convection in boundary layers adjacent to a vertical, continuously stretching sheet. The problem of laminar fluid flow which results from the stretching of a flat surface in a nanofluid has been investigated numerically by Khan and Pop [3] . After this pioneering work the flow field over a stretching surface has drawn considerable attention and a good amount of literature has been generated on this problem [4] [5] [6] [7] [8] [9] . Sulochana et al. [10] analyzed the three-dimensional magnetohydrodynamic Newtonian and non-Newtonian fluid flow, heat and mass transfer over a stretching surface in the presence of thermophoresis and Brownian motion. Recently Gireesha et al. [11] numerically investigate the effect of thermal stratification on MHD flow and heat transfer of dusty fluid over a vertical stretching sheet embedded in a thermally stratified porous medium in the presence of uniform heat source and thermal radiation.
However, all these studies are restricted to linear stretching of the sheet. It is worth mentioning that the stretching is not necessarily linear. The problem of heat and mass transfer of both Newtonian and non-Newtonian fluids flow over non-linear stretching sheet has been studied by different researchers. Abbas and Hayat [12] carried out the Stagnation slip flow and heat transfer characteristics of a viscous fluid over a nonlinear stretching surface. Abel et al. [13] discussed the effects of Buoyancy, viscous and joule dissipation on MHD flow and heat transfer over a nonlinear vertical stretching sheet with partial slip. Rana and Bhargava [14] has investigated the steady, laminar boundary fluid flow which results from the nonlinear stretching of a flat surface in a nanofluid. Mandal and Mukhopadhyay [15] presented the flow and heat transfer of an exponentially stretching porous sheet with the effect of magnetic field. Khan et al. [16] have been applied both analytical and numerical method in examining the two-dimensional boundary layer flow and heat transfer to Sisko nanofluid over a non-linearly stretching sheet under the influences of the thermophoresis and Brownian motion. The boundary layer flow and heat transfer of Carreau fluid over a nonlinear stretching surface is discussed by Khan and Hashim [17] . Krishnamurthy et al. [18] have studied the effects of thermal radiation and chemical reaction on boundary layer slip flow and melting heat transfer of nanofluid induced by a nonlinear stretching sheet. Recently Hayat et al. [19] observed the phenomenon of steady flow of an Oldroyd-B fluid induced by an exponentially stretched surface.
A nanofluid is a new class of heat transfer fluids that contain a base fluid and nanoparticles. Nanofluids are innovative coolant with more effective cooling properties compared to the conventional fluids such as water and oil. Unfortunately the viscosity of the nanofluid is higher than the base fluid. The viscosity affects directly the pressure drop and pumping consumption of the system. Greater thermal conductivities, excellent stability and negligible increasing pressure loss are some important characteristics of the nanofluids that are mentioned in the literature. A comprehensive survey of convective transport in nanofluids was made by Buongiorno [19] . The Buongiorno model [20] has also been used by Khan and Pop [21] to study the boundary layer flow of a nanofluid past a stretching sheet. Later on the different aspects of nanofluid model was extensively used by many researchers [22] [23] [24] [25] . Prasannakumara et al. [26] discussed the effect of chemical reaction on flow, heat, and mass transfer of Williamson nanofluid over a stretching sheet. Recently Nandeppanavar [27] describe the boundary layer flow and heat transfer of a nanofluid due to a vertically stretching sheet under the influence of uniform transverse magnetic field with partial slip.
In various industrial processes, slip effects can arise at the boundary of pipes, walls, and curved surfaces, for example. An usual approach in studying the slip phenomena is the Navier velocity slip condition. Thermal slip and solutal slip conditions may also arise in many industrial processes. A boundary layer slip flow problem arises in polishing of artificial heart valves and internal cavities. The effects of slip at the boundary on the flow of Newtonian fluid over a stretching sheet were studied by Anderson [28] . The magnetohydrodynamic flow under slip condition over a permeable stretching surface is solved analytically by Fang and Yao [29] . Ibrahim and Makinde [30] examines the effect of slip and convective boundary condition on magnetohydrodynamic (MHD) stagnation point flow and heat transfer due to Casson nanofluid past a stretching sheet. Khader and Megahed [31] give the numerical solution for the flow of a Newtonian fluid over an impermeable stretching sheet with a power-law surface velocity, slip velocity, and variable thickness. The steady, two dimensional, nonlinear, hydromagnetic laminar flow of an incompressible, viscous and electrically conducting fluid over a stretching sheet with variable thickness in the presence of variable magnetic field and slip flow regime is studied by Anjali and Prakash [32] . Hayat et al. [33] examines the hydromagnetic three-dimensional flow induced by a stretched surface. Recently Shaw et al. [34] investigate the effects of momentum, thermal, and solute slip boundary conditions on nanofluid boundary layer flow along a permeable surface.
Two-phase particulate suspension flows containing discrete particle phase and the continuous fluid phase have several engineering applications. Study of boundary layer flow and heat transfer in dusty fluid is very constructive in understanding of various industrial and engineering problems concerned with powder technology, rain erosion in guided missiles, sedimentation, atmospheric fallout, combustion, fluidization, electrostatic precipitation of dust, nuclear reactor cooling, waste water treatment, acoustics batch settling, aerosol and paint spraying and etc. Saffman [35] initially described the fluid dust particle system, who derived the motion of gas equations carrying the dust particles. Heat transfer effects on dusty gas flow past a semi-infinite isothermal inclined plate are investigated by Palani and Ganesan [36] . Recently several attempts have been made to analyze the flow and heat transfers of dusty fluid under various physical situations are reported by [37] [38] [39] .
Main motivation of the problem is to discuss about the enhancement in the heat transfer of dusty fluid after saturating the nanoparticles. Moreover, we have considered the nonlinear thermal radiation effect on slip flow of dusty fluid having suspended Al 2 O 3 nanoparticles over a nonlinear stretching sheet through a porous medium. Constructed nonlinear partial differential equations concerning to the model have been converted into a system of nonlinear ordinary differential equations with the implication of similarity transformations and then solved numerically using Runge-Kutta-Fehlberg method after converting the system of boundary value problem into initial value problem with the help of a shooting technique. The behaviors of each of the nondimensional quantities are exposed graphically for all the fluid parameters. Comparison of the present article with the available literature is presented through tables.
Mathematical formulation
Consider a steady, laminar, two-dimensional boundary layer flow and heat transfer of an incompressible dusty fluid combined with Al 2 O 3 nanoparticles over a stretching sheet embedded in a porous medium. The sheet coincides with the plane y = 0 and the flow is confined to y > 0. The flow is generated due to linear stretching of the sheet caused by the simultaneous applications of two equal and opposite forces along the x−axis as shown in the Fig. 1 . A uniform magnetic field B 0 is assumed to be applied in the y -direction. Keeping the origin fixed, the sheet is then stretched with a velocity U w(x) = ax n where a > 0 the stretching rate is and x is the coordinate measured along the stretching surface. The fluid is a water based dusty fluid containing Al 2 O 3 nanoparticles. The nanoparticles are assumed to have a uniform shape and size. Moreover, it is assumed that both the fluid phase and nanoparticles are in thermal equilibrium state. Under usual boundary layer approximations, the flow governing equations of nanofluid phase and dust phase are given by,
where x and y respectively represents coordinate axes along the continuous surface in the direction of motion and perpendicular to it. (u, v) and (u p , vp) denotes the velocity components of the nanofluid and dust phases along the x and y directions respectively, k is the permeability of the porous medium, N is the number density of dust particle, K = 6πμ nf r is the Stokes drag constant, r is the radius of dust particle, σ is the electrical conductivity, m is the mass concentration of dust particles. ρ nf is the effective density of nanofluid, μ nf is the effective dynamic viscosity of nanofluid which are given by [38] ,
where ϕ is the solid volume fraction of nanofluid, ρ f is the density of base fluid, ρ s is the density of nanoparticle and μ f is the dynamic viscosity of base fluid. In equations (5) and (6), T and T p are represents the temperatures of the fluid and dust particles inside the boundary layer c pf and c mf are the specific heat of fluid and dust particles, τ T is the thermal equilibrium time i.e., the time required by a dust cloud to adjust its temperature to the fluid, τ v is the relaxation time of the dust particle, that is, the time required by a dust particle to adjust its velocity relative to the fluid, k nf is the thermal conductivity and (ρcp) nf is heat capacity of the nanofluid, which are given by [38] ,
where (ρc p ) f is the heat capacity of base fluid, (ρc p )s is the heat capacity of nanoparticle, k f is the thermal conductivity of base fluid and k sis the thermal conductivity of nanoparticle.
The corresponding boundary conditions are given by,
Using Rosseland approximation for radiation, the nonlinear radiative heat flux q r is simplified as,
where σ * is the Stefan-Boltzmann constant and k * is the mean absorption coefficient. Here energy equation take the form as follows;
To convert the governing equations into a set of similarity equations, introduce the following similarity transformation as,
with T = T∞(1 + (θw − 1) θ ) and θw = Tw T∞ is the temperature ratio parameter (Shehzad et al. [40] ). Making use of the transformations (12), equation (1) and (3) are identically satisfied and equations (2), (4), (6) and (11) takes the form,
The corresponding boundary conditions will takes the following form,
where a prime denotes differentiation with respect to η and l = 
is the velocity slip parameter. The physical quantities of interest are the skin friction coefficient (C f ) and the local Nusselt number (Nux), which are defined as,
where the surface shear stress τ w and the surface heat flux q w are given by,
with μ nf and k nf being the dynamic viscosity and thermal conductivity of the nanofluids, respectively. Using the similarity transformation (12), we obtain,
where
is local Reynolds number.
Numerical Method and accuracy
In the first step, a set of non-linear ordinary differential equations (13)- (16) with boundary conditions (17) are discretized to a system of nine simultaneous differential equations of first order by introducing new dependent variables. In order to integrate these equations as an initial value problem, one requires nine initial conditions. Out of required nine initial conditions, three are known and remaining initial conditions are accessed with the help of shooting technique. Afterward, a finite value for η ∞ is chosen in such a way that all the far field boundary conditions are satisfied asymptotically. Our bulk computations are considered with the value at η ∞ = 6, which is sufficient to achieve the far field boundary conditions asymptotically for all values of the parameters are considered.
After fixing finite value for η∞, integration is carried out with the help of Runge-Kutta-Fehlberg-45 order method. At each step, two different approximations for the solution are made and compared. If the two answers are in close agreement, the approximation is accepted otherwise, the step size is reduced until to get the required accuracy. For the present problem, we took the step size Δη = 0.001, η ∞ = 6 and accuracy to the fifth decimal places. The CPU time is 1.855 seconds.
Results and discussions
In this section, the behaviors of pertinent parameters on the velocity and temperature distributions are carefully examined through graphical and numerical results. The fluid flow and heat transfer analysis has been carried out for two phases namely fluid phase and dust phase. We have considered dusty fluid as a base fluid with suspended Al 2 O 3 nanoparticles. We have considered the range of nanoparticle fraction as 0 ≤ ϕ ≤ 02. It is worth mentioning that the present flow system reduces to the classical viscous nano fluid when ϕ = l = 0 and also it reduces to dusty viscous fluid when ϕ = 0. In order to get physical insight of the problem, a parametric study has been made and results are presented through graphs and tables. It is observed that, increasing value of velocity slip parameter reduces the thickness of momentum boundary layer and results in decrease of velocity of both phases. This is because, the slip at the surface wall get increases with in- crease in slip parameter and thus a smaller amount of penetration due to the stretching surface into the fluid. Figure 3 and 4 shows the velocity and temperature profile for various values of magnetic parameter (Q). It is observed that, the velocity profile decreases and temperature profile increases for increasing the values of Q. Since the effect of magnetic field on an electrically conducting fluid results a resistive type of force called as Lorentz force, which has tendency to decrease the fluid velocity and to increase the temperature field. Due to this fact, magnetic field effect has many possible control-based applications like MHD ion propulsion, electromagnetic casting of metals, in MHD power generation and etc.
The velocity distribution for fluid particle interaction parameter of velocity (β v) is shown in Figure 5 . It is observed that an increase in fluid-particle interaction parameter, the thickness of momentum boundary layer decreases for fluid phase and this phenomena is opposite for the dust phase and which is as shown in Figure 5 . From these figures observed that, the fluid phase velocity decreases and dust phase velocity increases for increasing the values of β v. Figure 6 and 7 depicts the velocity and temperature profile of both fluid and dusty phases for various values of mass concentration parameter (l). In this figure, it is observed an increase in mass concentration of the particles decreases the momentum boundary layer for both the phases. Figures 8 and 9 represents the variation of velocity and temperature distributions for different values of permeability parameter kp. It is obvious that the presence of porous medium causes higher restriction to the fluid flow which causes the fluid to decelerate. Therefore, with an increase in impermeability parameter causes the resistance to the fluid motion and hence velocity decreases of both the phases. The effect of increasing values of permeable parameter contributes to the thickening of thermal boundary layer, which is shown in Figure 9 . This is evident from the fact that, the porous medium opposes the fluid motion. The resistance offered to the flow is responsible in enhancing the temperature.
Figures 10 and 11 depicts the effect of nanoparticle volume fraction ϕ on the velociy and temperature distributions. From these graphs, it is clear that, with increase in the volume fraction of nanoparticle the velocity increases throughout the boundary layer region for both fluid and dust phase. Figure 11 shows that the effect of an increasing values of nanoparticle volume fraction, the temperature profile of both the phases increases throughout the boundary layer region. These figures illustrate this agreement with the physical behavior. When the volume fraction of nanoparticle increases, the thermal conductivity in- creases, this leads to increase in thermal boundary layer thickness.
The effect of Eckert number (Ec) for temperature distribution was shown in Figure 12 . From this figure it is observed that the temperature profiles increases for both fluid and dust phases with increasing values of Ec. It is because heat energy is stored in the liquid due to frictional heating and this is true in both the cases. Figures 13 and 14 shows the temperature profile for various values of radiation parameter (Rd) and temperature ratio parameter θ w respectively. From the Figure 13 it is observed that, the temperature profile increases for in- Table 1 : Values of skin friction coefficient for different types of fluids when n = 1 and n = 3.
Ordinary fluid:
Dusty fluid: Nano fluid: Dusty nano fluid: Table 2 : Values of skin friction coefficient for different values of the pertinent parameters when n = 3(nonlinear stretching sheet) and n = 1(Linear stretching sheet).
Nonlinear stretching sheet: n = 3 Linear stretching sheet: creasing values of Rd. This is due to the fact that an increase in radiation parameter provides more heat to fluid that causes an enhancement in the temperature and thermal boundary layer thickness. Form the Figure 14 it is observed that, the increase in temperature ratio parameter increases the thermal state of the fluid, and it results in increase of temperature profiles of both phases. The effect of Prandtl number on the heat transfer is shown in Figure 15 . The relative thickening of momentum and thermal boundary layers is controlled by Prandtl number (Pr). Since small values of Pr will possess higher thermal conductivities, so that heat can diffuse from the sheet very quickly compared to the velocity. From this figure, it reveals that the temperature decreases with increase in the value of Pr. Hence Prandtl number can be used to increase the rate of cooling. By analyzing the graph it reveal that the effect of increasing the Pr is to decrease the temperature distribution in the flow region, and also it is evident that large values of Prandtl number results in thinning of thermal boundary layer. From this figure we observed that both the profiles decreases for increasing the values of Pr. Table 1 shows the values of skin friction coefficient of magnetic parameter (Q) for linear and nonlinear stretching surfaces for different cases. From this table we observed that compared to other fluids dusty nanofluids have high skin friction coefficient. Table 2 shows the values of skin friction coefficient for different types of parameters with two different types of nanoparticles. The values of Nusselt number for linear and nonlinear stretching cases for various values of pertinent parameters considered with two different types of nanoparticles was shown in Table 3 and 4. In this table we observed that the Copper nanoparti- cle has high heat transfer rate compared to other nanoparticle.
Conclusion
The problem of two-phase slip flow of a dusty fluid with nano particles over a nonlinear stretching sheet embedded in a porous medium in the presence of nonlinear thermal radiation has been is studied. By using the appropriate transformation for the velocity and temperature, the basic equations governing the flow and heat transfer were reduced to a set of ordinary differential equations. These equations are solved numerically using the fourth-fifthorder Runge-Kutta-Fehlberg method. Some conclusions obtained from this investigation are summarized as follows:
The effect of transverse magnetic field is to suppress the velocity field, which in turn causes the enhancement of the temperature field. -Velocity of fluid and dust phases decrease with increases in slip parameter and permeability parameter. -Fluid phase temperature is higher than the dust phase temperature. -Velocity of nanofluid and dust phases decrease while the temperature of fluid and dust phases increase as solid volume fraction of nanoparticle (ϕ) increases. -It is found that the dusty fluid with Copper (Cu) nanoparticle have the appreciable cooling performance.
Temperature profile increases for Eckert number, radiation parameter, temperature ratio parameter, permeability parameter and decreases for Prandtl number and mass concentration particle parameter. -The Nusselt number increases for nonlinear stretching case when compared to linear stretching case.
